Walking Dynamics Guaranteed by Rantaharju, Jarno et al.
ar
X
iv
:1
91
0.
02
98
8v
2 
 [h
ep
-p
h]
  1
1 J
un
 20
20
HIP-2020-5/TH
Walking Dynamics Guaranteed
Jarno Rantaharju,1, ∗ Claudio Pica,2, † and Francesco Sannino3, ‡
1Department of Physics & Helsinki Institute of Physics, P.O. Box 64, FI-00014 University of Helsinki
2CP3 -Origins & IMADA, University of Southern Denmark, Campusvej 55, 5230 Odense, Denmark
3CP3 -Origins, University of Southern Denmark, Campusvej 55, 5230 Odense, Denmark
We report evidence for a continuous transition from an infrared conformal phase to a chirally
broken one in four dimensions. We study a model with two Dirac fermions in the adjoint rep-
resentation of an SU(2) gauge interaction and a chirally symmetric four-fermion interaction. At
large four-fermion coupling, the model goes through a transition into a chirally broken phase and
infrared conformality is lost. We show strong evidence that this transition is continuous, which
would guarantee walking dynamics within the scaling region in the chirally broken phase.
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I. INTRODUCTION
Critical phenomena are related to phase transitions be-
tween distinct phases of matter. Conformal field theo-
ries are the natural theoretical framework to classify and
analyse the associated phase transitions [1].
A renown example of phase transitions is the number-
of-flavor-driven quantum phase transition from an IR
fixed point to a non-conformal phase where chiral sym-
metry is broken [2]. Several scenarios have been con-
sidered for this type of phase transition ranging from a
Berezinskii–Kosterlitz–Thouless (BKT)-like phase tran-
sition [3], used for four dimensions in [2, 4–9], to a jump-
ing (non-continuous) phase transition [10]. The discovery
that higher-dimensional representations could be (near)
conformal [11] for a small number of flavors led to the
well-known conformal window phase diagram of [12] that
guides lattice investigations [13].
A smooth quantum phase transition in four-
dimensional gauge-fermion theories is also known as walk-
ing [5, 6]. It is expected to enhance the effect of bilin-
ear fermion operators in models of dynamical electroweak
symmetry breaking.
The study of this transition in gauge-fermion theo-
ries is limited by the discontinuous nature of the fermion
number. It is not possible to approach the transition in a
continuous way. Instead we consider a transition driven
by a chirally symmetric four-fermion interaction in an
otherwise infrared conformal gauge model. Unlike the
flavor number, the four-fermion coupling is a continuous
parameter that can be tuned to be arbitrarily close to
the transition. If this transition is continuous, the model
in the scaling region is walking.
The model is also expected to posses a varying anoma-
lous dimension in the infrared conformal phase [14]. Be-
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cause of these features models such as the one investi-
gated here were termed Ideal Walking [14, 15].
We study two Dirac fermions coupled to the adjoint
representation of an SU(2) gauge interaction and a four-
fermion term. In previous work [16], we have determined
the mass anomalous dimension at the infrared fixed point
for four values of the four-fermion coupling. As predicted
[14], we found an anomalous dimension that increases
monotonously with the four-fermion coupling. We also
found preliminary evidence for a continuous transition
between the chirally broken and conformally symmetric
phases. A similar continuous transition was also recently
discovered in a Higgs-Yukawa model with a chirally sym-
metric interaction [17].
Here we go beyond the initial investigation by confirm-
ing the continuous nature of the phase transition. We
use lattice sizes up to L = 24 and three different lattice
spacings to measure an order parameter of the transition,
the chiral condensate, and identify the scaling of the or-
der parameter in the vicinity of the transition point. We
then study the correlation length of the chiral condensate
through the chiral susceptibility. We observe stable scal-
ing dimensions at each value of the lattice spacing, which
is consistent with a cross-over or a second or higher order
point in the gauge versus four-fermion coupling plane.
The discovery of walking dynamics is supported by
the simultaneous occurrence of a continuous conformal
to chirally broken transition along with the observed in-
creasing value of the fermion mass anomalous dimension
nearing the phase transition from the conformal phase.
II. THE MODEL
We study the SU(2) gauge field theory with 2 Dirac
fermion flavors transforming according to the adjoint rep-
resentation of the gauge group augmented with a four-
fermion term,
S = SG + Ψ¯ /DΨ−
y2
Λ2UV
[(
Ψ¯Ψ
)2
−
(
Ψ¯γ5τ
3Ψ
)2]
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FIG. 1: A sketch of the fixed points and renormalization
group flow in the fixed point merger scenario described in
the text. The red line represents the infrared fixed line and
the blue dashed line the conjectured ultraviolet critical line.
The two lines merge at the red circle, creating a second order
transition.
The four-fermion term preserves a U(1)×U(1) subgroup
of the full SU(4) chiral flavor symmetry. This gauged
Nambu–Jona-Lasinio (gNJL) model has convenient char-
acteristics [18]. It can be simulated without a sign prob-
lem and the enhanced symmetry at y = 0 protects the
four-fermion coupling from additive renormalization.
It is notable that infrared conformality is not imme-
diately broken by a nonzero four-fermion term. Instead,
the model is attracted to an IR fixed point below a criti-
cal value y < yc. In previous work we have found varying
anomalous dimensions at different values of the coupling
y in the conformal phase. Since an anomalous dimen-
sion is a unique property of a fixed point, this suggests
that there is a line of infrared fixed points in the coupling
space accessible when changing the gauge coupling g and
the four-fermion coupling y [15, 19–25].
Two compatible scenarios are at play for the confor-
mal to chiral symmetry breaking transition. In the first
scenario the infrared fixed line is attractive for arbitrarily
large values of the gauge coupling, from zero and up to a
finite value of the four-fermion coupling. At y > yc the
renormalization group flow is no longer attracted to the
IR fixed line, but runs to infinity, breaking chiral sym-
metry. This scenario is also compatible with a jumping
transition [10].
The second scenario features a fixed point merger be-
tween the IR fixed line and a second line of corresponding
to a UV fixed point at some larger value of the gauge cou-
pling. As we increase the four-fermion coupling, the lines
approach each other and merge at y = yc. The merger
induces a continuous transition [10, 14] point. This sce-
nario is schematically represented in Figure 1.
To disentangle a continuous transition from a jumping
one, we study the order parameter of the chirally broken
phase and the susceptibility of the chiral condensate on
the lattice.
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FIG. 2: The tuning of m0 in the chirally broken phase. The
figure shows the expectation value 〈pi3〉 with β = 2.5 and
y = 0.3 and the best fit to mean-field scaling.
III. DISCRETIZATION
We start with the discretized version of the continuum
action which reads
S = βL
∑
x,µ<ν
Lx,µν(U) +
σ(x)2 + pi3(x)
2
4a2y2
(2)
+
∑
x
Ψ¯(x)
[
DW +m0 + σ(x) + pi3(x)iγ5τ
3
]
Ψ(x) (3)
where Lx,µν(U) is the plaquette discretization of the
gauge action, DW is the Wilson Dirac operator and a
is the lattice spacing. The four-fermion term is enacted
by employing two auxiliary fields, σ(x) and pi3(x). The
original action involving the four-fermion term is recov-
ered by performing the integral of the partition function
over the auxiliary fields.
The Wilson discretization of the fermion actions ex-
plicitly breaks the chiral symmetry, requiring the tuning
of the mass counter-term m0 at each pair of couplings
β and y. We set it following the methods described in
reference [16]. In the infrared conformal the masses of
all states are zero when the fermion mass is zero. It is
then straightforward to tune m0 to the point where all
measured meson masses reach zero.
In the chirally broken phase the value of m0 is set by a
second order transition in which the field pi3 acquires an
expectation value and the associated correlation length
diverges [18]. The operator pi3(x) also sources the Gold-
stone of chiral symmetry breaking and the diverging cor-
relation length is associated with the massless Goldstone
state. We therefore determine m0 by measuring the con-
densate
〈pi3〉 =
1
V
〈∑
x
pi3(x)
〉
(4)
as a function of the bare quark mass and fitting a second
order scaling relation. An example of such a measure-
ment is show in Figure 2.
3β χ2/d.o.f. Cm yc δ
2.25 0.36 2.6(1) 0.2653(5) 0.69(2)
2.5 0.67 2.5(1) 0.2922(5) 0.69(2)
3 0.40 2.2(1) 0.331(1) 0.67(3)
TABLE I: The scaling dimensions and coefficients of the order
parameter m¯ND in Eq. (7). The quoted error estimates in-
clude systematic and statistical errors deviation of the mean.
We study the conformal to chirally broken transition
using three values of the gauge coupling, β = 3, 2.5,
and 2.25, to quantify the lattice spacing dependence and
two lattice sizes, L = 20 and 24, to quantify volume de-
pendence. We use hypercubic lattices with V = L4 to
measure auxiliary field expectation values and extended
lattices with V = 2L × L3 to measure correlation func-
tions.
IV. THE CONDENSATE
Due to the partially broken chiral symmetry, it is
straightforward to determine the chiral condensate with-
out additive renormalization. We use the partially con-
served axial current (PCAC) relation derived in [18].
m¯ND(t) = −4a
2y¯2ΣL (5)
=
∑
x
∂0
〈
AND0 (t,x)P
ND(0)
〉∑
x
〈PND(t,x)PND(0)〉
. (6)
Here ND labels the non-diagonal directions of the flavor
symmetry, which are broken by the four-fermion term. In
the chirally broken phase m¯ND has a nonzero expectation
value.
We stress that the existence of any dimensionful quan-
tity breaks infrared conformality. While we expect the
chiral symmetry to be broken, it is sufficient to find any
nonzero dimensionful expectation value to show the ex-
istence of a phase transition.
We measure the condensate m¯ND along the critical
line. When approaching the transition in the chirally
broken phase, at leading order, we expect the condensate
to scale as
m¯ND = Cm (y − yc)
δ
. (7)
Fits to this functional form are shown in Figure 3 and the
fit parameters are reported in Table I. The figures also
show values at L = 16 from reference [16] for comparison.
These values are not used in the fits reported here.
For the two finer lattice spacings at β = 2.5 and 3, we
find significant finite size effects close to the transition. In
both cases the measurements closest to the transition are
incompatible with the scaling relation and are excluded.
There are no statistically significant finite size effects at
β = 2.25.
The scaling dimension extracted at the three different
values of the lattice spacing are compatible within sta-
tistical and systematic accuracy, consistent with a single
β L χ2/d.o.f. Cχ yc ν
2.5 8 1.2 1.6(2) 0.28(2) 0.06(4)
2.5 12 0.3 1.5(1) 0.28(2) 0.09(3)
2.5 16 0.8 1.49(6) 0.28(1) 0.08(2)
2.25 8 1.3 1.74(5) 0.27(1) 0.04(1)
2.25 12 0.2 1.69(3) 0.263(3) 0.045(5)
2.25 16 0.4 1.71(2) 0.265(2) 0.039(5)
TABLE II: The powerlaw scaling of chiral condensate suscep-
tibility χ0 above the critical point. The quoted error estimates
include systematic and statistical errors.
second order fixed point. The results are compatible with
a continuous transition and disfavor a first order transi-
tion.
V. THE CHIRAL SUSCEPTIBILITY
In order to further clarify the nature of the transition
we study the chiral susceptibility
χ =
1
V
∑
x,y
〈
Ψ¯(x)Ψ(x)Ψ¯(y)Ψ(y)
〉
(8)
−
∑
x
〈( Ψ¯(x)Ψ(x)
)
2
〉
. (9)
The susceptibility is related to the correlation length of
the chiral condensate. It is expected to decrease accord-
ing to a powerlaw at y > yc.
χ = Cχ (y − yc)
−ν
. (10)
We measure the susceptibility at β = 2.25 and 2.5 and
show the result at β = 2.5 in Figure 4. The results at
β = 2.25 are similar. The susceptibility is independent of
the lattice size in both phases. It peaks at the transition
point, where it’s derivative appears discontinuous. In the
chirally broken phase y > yc it follows a powerlaw decay.
We find the scaling exponent by fitting the measurements
to equation 10. The values of the fit parameters are given
in Table II.
There is no signal of a divergent correlation length.
The susceptibility remains finite across the transition and
does not increase with volume. This is not unexpected,
as the susceptibility must have finite value in the infrared
conformal phase independent of volume.
While the significant statistical uncertainty restricts
the interpretation of these results, the behavior of the
chiral susceptibility offers further support to a continuous
transition rather than a first order transition.
VI. CONCLUSIONS AND OUTLOOK
We have investigated the quantum phase transition
between the infrared conformal and the chirally broken
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FIG. 3: The order parameter m¯ND as a function of y with β = 2.25, 2.5 and 3 respectively.
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FIG. 4: Susceptibility of the chiral condensate χ at β = 2.5.
phases of an SU(2) gauge model with two Dirac fermions
in the adjoint representation and a chirally symmetric
four-fermion term. We show compelling evidence for the
discovery of a continuous transition between these two
phases. To achieve our result, we measured the order
parameter for the conformal phase for a range of four-
fermion couplings y and lattice spacings β. We found
that the order parameter scales toward zero in agreement
with a second or higher order phase transition or a cross-
over. We found a consistent scaling exponent for three
different lattice spacings explored in this work. These re-
sults are obtained on lattices large enough for each value
of the parameters use, to be considered at ”infinite vol-
ume”.
We investigated the chiral susceptibility and found a
finite value across the transition and a discontinuous
derivative at the transition. In the chirally broken phase
the susceptibility follows the expected behavior dictated
by a powerlaw decrease in the correlation length. These
results are compatible with a continuous transition.
The smooth nature of the newly unveiled four-
dimensional quantum phase transition guarantees walk-
ing behavior in the scaling region at y > yc. The model
can be taken arbitrarily close to the infrared conformal
phase below yc by adjusting the continuous parameter
y. A smooth transition also guarantees the continuity of
anomalous dimensions on both sides of the transition.
For the future it is relevant to investigate the spectrum
of the theory in the broken phase, paying special atten-
tion to the lightest scalar of the theory at large charges
[26]. The reason being that for a continuous quantum
phase transition, a dilaton-like mode is expected to ap-
pear in the walking regime to enforce approximate con-
formal invariance [27–33]. This subject has recently re-
ceived renewed interest [31–39] due to recent lattice stud-
ies [40–46] that reported evidence of the presence of a
light singlet scalar particle in the spectrum.
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